We predict and observe the appearance of an excess noise factor due to the non-Hermiticity of the modes of two actively harmonically mode-locked lasers. The non uniform distribution of gain and losses in the ring cavities of these lasers causes a non-orthogonality of the longitudinal modes, which is responsible for an increase of the rate of spontaneous emission falling in the lasing pulsed mode. This leads to an increase of the phase noise of the pulse train generated by these lasers by more than 20 dB at some offset frequencies. This degradation can be prohibitive for the use of these lasers for several applications such as the generation of high spectral purity RF and low jitter clock signals.
The laser linewidth is usually considered to be given by the famous Schawlow-Townes formula [1] , which can be classically viewed as due to phase diffusion of the laser field induced by spontaneous emission [2] . This formula, originally obtained in an ideal case, has since been completed by many correction factors, due for example to incomplete population inversion [3, 4] , internal cavity losses [5] , so-called bad cavity regime [6] , or phase-intensity coupling, which is particularly large for semiconductor active media [7, 8] . Another discrepancy with respect to the original Schawlow-Townes formula happens when the eigenmodes of the laser cavity are not orthogonal [9] . In such non-Hermitian resonators [10, 11] , each mode sees a fraction of the spontaneous emission that falls into the other modes on top of its own share of spontaneous emission [12] [13] [14] . This causes an increase of the laser linewidth, the so-called excess noise factor (ENF). This effect has manifested itself through the non-orthogonality of the transverse modes of geometrically unstable [15, 16] and stable resonators [17] , the non-orthogonality of the guided modes of gainguided semiconductor lasers [18] , the non-orthogonality of the longitudinal modes of lasers exhibiting large losses [19, 20] , and the non-orthogonality of the two polarization states in the laser [21, 22] . In all these cases, the non-Hermiticity of the cavity leads to the cavity eigenmodes being no longer orthogonal but are rather biorthogonal to a set of adjoint modes [5, 9] . Then, when the spontaneous emission is projected on one laser mode in order to derive the Langevin force driving the fluctuations of this mode, one obtains a coefficient larger than 1, which is precisely the ENF Most experimental investigations of the laser ENF were performed with continuous wave lasers exhibiting only one or two oscillating modes. On the contrary, mode-locked lasers can also be seen as optical frequency combs, exhibiting a large number of oscillating modes. Since they play a very important role in recent advances in physics and metrology such as high resolution spectroscopy [23] , multimode quantum optics [24] , frequency metrology [25] , and development of ultra-low phase noise RF oscillators [26] [27] [28] and optically carried RF clocks [29] , the control of their RF and optical phase noise is of crucial importance. In such a strongly multimode mode-locked laser, the SchawlowTownes linewidth for each optical frequency is the same as the one for a single-frequency laser, with an oscillating mode power equal to the sum of the powers of all the modes of the mode-locked laser [30] . This somewhat counterintuitive feature comes from the fact that a mode-locked laser can also be seen as a single-mode laser when one quantizes the field along pulsed modes, i. e. photon wave packets, rather than traveling modes [31] . However, most mode-locked lasers contain several intracavity elements: for example, the cavity of an actively mode-locked laser must contain a modulator to which an RF signal is applied at an harmonic of the laser free spectral range [5] . Such intracavity elements exhibit strong losses and one can thus wonder whether the longitudinal modes are still orthogonal in such a cavity, and whether the possible non-Hermiticity of the cavity may lead to an excess optical phase noise, that would be converted into an extra RF phase noise on the beatnote between the modes.
The kind of laser that we consider here is schematized in Fig. 1 . It is an Actively Harmonically Mode-Locked Laser (AHMLL) based on a fibered cavity. Such lasers are being actively considered for the development of low-jitter optical pulsed sources [29] and coupled optoelectronic oscillators, which are among the quietest RF sources in the 10-100 GHz domain [32] [33] [34] [35] . The active media are Semiconductor Optical Amplifiers (SOAs) providing gain either at 800 or at 1550 nm, corresponding to the cavities of Figs. 1(a,b) , respectively. In both cases, harmonic mode-locking is obtained through RF modulation of the losses by an integrated Mach-Zehnder arXiv:1812.03674v1 [physics.optics] 10 Dec 2018 intensity modulator (MZM) driven at frequency ω RF close to the p th harmonic of the cavity free spectral range ∆. The cavity also contains an optical filter to control the optical spectrum, an isolator to force oscillation in a single direction and a fiber coupler to extract some optical power for detection and analysis. When the train of pulses emitted by such lasers is detected by a fast photodiode, one obtains an RF signal at ω RF whose phase noise contains two contributions due to i) the noise of the RF source feeding the modulator and ii) spontaneous emission noise. This leads to the following power spectral density of the phase noise of the RF signal at ω RF [36, 37] :
where Γ is the mode-locked laser characteristic filter angular frequency, N is proportional to the number of lasing modes in the sense that N ω RF is the 1/e 2 half-width of the laser spectrum, S RF (ω) is the power spectral density of the phase noise of the RF source driving the modulator, δ = ω RF − p∆ is the detuning between the RF source and the relevant harmonic of the free spectral range. Since the laser is harmonically mode-locked, the repetition frequency ω RF is an integer multiple of ∆ and several frequency combs coexist in the laser. Equation (1) supposes that the different combs are independent. Finally, ∆ω ST is the Schawlow-Townes linewidth given by:
hν is the energy of a photon, α the Henry factor [8] of the SOA, τ cav = 2π/∆Υ the cavity photon lifetime, Υ the total losses per round-trip, P out the laser output power, and T out the output coupler transmission. We used eqs. (1) and (2) to analyze the RF phase noise spectra of two different AHMLLs, operating respectively at 800 nm and 1550 nm. These two lasers also differ their repetition rates (4 GHz vs. 10 GHz), their intra-cavity fiber lengths (15 m vs. 100 m), and their intracavity filter bandwidths (1 nm vs. 2 nm), etc. The results are reproduced in Fig. 2 . For both lasers, we compute the two components of the noise spectra given by eq. (1) and compare them with experimental data. The calculation of the contribution of the RF source noise is based on a measurement of S RF (ω) at both frequencies (4 GHz and 10 GHz). The values of N are obtained by fitting the measured optical spectra of the two lasers, leading to N = 3 (resp. 4) for the 800 nm (resp. 1550 nm) laser. The values of Γ (2π × 15.0 × 10 6 rad/s and 2π × 12.5 × 10 6 rad/s respectively) are obtained by adjusting the experimental spectra. Finally the total losses Υ (equal to 16.6 and 25 dB respectively) are evaluated from the losses of the intracavity components and the output powers P out (equal to 3.5 and 5 mW respectively) are measured. For both lasers, we have T out = 0.5. With these values of the parameters and with α equal to 3 for the two lasers, we obtain ∆ω ST = 0.5 rad/s (resp. ∆ω ST = 0.1 rad/s) for the 800 nm (resp. 1550 nm) laser. Finally, the shot noise level corresponding to the detected power is also added to the total phase noise of eq. (1).
Comparison with experimental data (see Fig. 2 ) shows that for both lasers, the noise induced by the RF source dominates at low frequencies (typically below 1 MHz) while spontaneous emission noise becomes dominant at higher frequencies. Moreover, these spectra clearly show that the noise is filtered by the cavity comb-like spectrum. The agreement of experiment with theory is very good for the low frequency part of the spectra. It is excellent in the case of the 1550 nm laser (see Fig. 2(b) ). It is slightly less good in the vicinity of the laser cutoff frequency in the case of the 800 nm laser (see Fig.  2(a) ), probably because of the occurrence of spectral interferences between different supermodes [38] . On the contrary, comparison of experiment with theory shows that the contribution of spontaneous emission calculated from eq. (2) is strongly underestimated for both lasers. Such an underestimation is reminiscent of what happens in single-frequency lasers containing large localized losses [19, 20] leading to a strong ENF due to the non-Hermiticity of the cavity. The origin of the ENF can be understood using the idealized cavity of Fig. 3(a) as a toy model. It contains one gain element (transmission T 0 > 1) and one lossy element (transmission T 1 < 1), separated by two propagation segments, such as optical fibers, having lengths L i , refractive indices n i , and absorption coefficients α i (i = 0, 1). The lasing mode ENF can be derived from the field distribution of this mode and of its adjoint mode. This adjoint mode is, in the most general case, obtained by solving the transposed cavity eigenequation [5, 10] . In our present case, it is simply the mode propagating in the opposite direction [10, 11] , with gain sections replaced by losses, and vice-versa. Once the mode and its adjoint are obtained, we must normalize the cavity mode to 1, and the adjoint mode in such a way that its dot product with the cavity mode is also 1. The amount of spontaneous emission that falls in the laser mode is obtained by projecting the spontaneous emission onto the adjoint mode. The ENF is then shown to be given by the squared norm of this adjoint mode [10, 11, 21, 39] .
Starting from the origin z = 0, where z denotes the propagation distance inside the cavity, we write the mode amplitude u(z) in each section of the cavity. For example, in the first cavity section 0 ≤ z ≤ L 0 , it reads
where k is the vacuum wavenumber and C a normalization constant that will be derived later. Then the mode amplitude in the next section
The factor C is determined by normalizing the mode tô
with L tot = L 0 + L 1 the total cavity length. Using eqs. (3) and (4), this leads to
with
for m = 0, 1.
Since the cavity is not Hermitian, we need to calculate the adjoint mode ϕ(z) of u(z) by considering the reverse propagation direction. For example, in the last section (L 0 ≤ z ≤ L tot ), the adjoint mode amplitude reads
where C is a normalization constant. In the first cavity
By definition of the adjoint mode, C must obey the following normalization:
which, using eqs. (3), (4), (8), and (9), leads to
Finally, the ENF for mode u(z) is given by [11] :
leading to:
(13) Figure 3 (b) shows a calculation of K according to eq. (13) for the toy cavity of Fig. 3(a) . We choose L 1 = 1 m, α 0 = α 1 = 0.1 m −1 , and T 1 = 0.8. The value of K is plotted as a function of L 0 . For each value of L 0 , T 0 is calculated in such a way that the round-trip gain exactly compensates for the losses, i. e., Figure 3(b) shows that the ENF is close to 1 when the cavity is symmetric, i. e., L 0 L 1 and α 0 α 1 , while it strongly exceeds one when the cavity asymmetry becomes strong. Since the cavities that we used to obtain the spectra of Fig. 2 exhibit strongly asymmetric distributions of gain and losses, it is thus quite likely that the discrepancy between experiments and theory should be attributed to the existence of a strong ENF K. Figure 4 . Schematic cavity used to calculate the ENF K.
To generalize the calculation of the longitudinal ENF to real cavities, we extend the preceding simple theory to a ring cavity containing M +1 
Once the mode amplitude has been written in all the cavity sections, the normalization factor C can be determined by normalizing the mode amplitude according to eq. (5), with L tot = m L m . To this aim, one also takes into account the self-consistency condition for the laser field:
The adjoint mode ϕ(z) of u(z) is again calculated by considering the reverse propagation direction (see Supplementary information). The adjoint mode is normalized again according to eq. (10). Finally, the ENF for mode u(z) is given by eq. (12), leading to:
We can then apply eq. (16) to calculate the phase noises of the two lasers of Fig. 1 . The cavity oscillating at 800 nm (see Fig. 1(a) ) contains an SOA providing a 26 dB gain, followed by 2 m of fibers, a circulator (3.2 dB of losses per branch, i.e. a total of 6.4 dB) and Bragg filter (0.6 dB of losses) ensemble, 2 m of fiber, a coupler (3.4 dB losses), 2 m of fiber, a modulator (6 dB losses), again 2 m of fiber followed by an isolator (0.2 dB losses), and finally 2 m of fibers before going back to the SOA entrance. Applying eq. (16) leads to K = 4. Similarly, the cavity oscillating at 1550 nm (see Fig. 1(b) ) contains an SOA with a 25 dB gain, followed by 2.5 m of fibers , an isolator (0.3 dB losses), 1.5 m of fiber, a coupler (3.5 dB losses), 1.5 m of fiber, a circulator and Bragg filter ensemble (2.7 dB of losses), 2.5m of fiber, a MZM, and finally 103 m of polarization maintaining fiber (1.3 dB losses) before going back to the SOA entrance. Applying eq. (16) then leads to K = 9. When we multiply the Schawlow-Townes linewidth of eq. (2) by these respective values of K and inject them into eq. (1), we now obtain the phase noise spectra reproduced in Fig. 5 . One can notice that the introduction of the ENF K leads to a strong increase of the calculated noise at high frequencies, especially at the resonance frequencies corresponding to integer multiples of the free spectral range of the cavity. Moreover, the calculated noise spectra are now in excellent agreement with the experimental ones. This illustrates the fact that one cannot reach a good insight in the noise of such systems without taking the non-Hermiticity of the cavity into account.
In conclusion, we have isolated the influence of the non-Hermitian character of the cavity on the phase noise of the train of pulses generated by actively harmonically mode-locked lasers. This effect has been observed in two different lasers operating at different wavelengths with very different cavity lengths and spatial distributions of losses and gain. The observed increases in spontaneous emission noise have been shown to be in excellent agreement with the ENF calculated for these non-Hermitian cavities.
This ENF has of course a strong impact on the performances of the clocks and oscillators based on such AHMLLs, and must certainly be taken into account into future designs. But beyond this immediate application, we believe that this work is related to the ultimate performances of devices based on the extreme sensitivity of exceptional points in non-Hermitian optical systems [40] . Indeed, large ENFs happen precisely at such exceptional points where eigenvectors become degenerate [16, 22] . This is exactly the situation that has been predicted to lead to an enhancement of the sensitivity of a ring laser gyroscope [41] , without considering that the noise of the system could also be strongly enhanced.
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